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PREFACE 



In this book authors for the first time introduce a new 
method of building algebraic structures on the interval 
[0, n). This study is interesting and innovative. However, 
[0, n) is a semigroup under product, x modulo n and a 
semigroup under min or max operation. Further [0, n) is a 
group under addition modulo n. 

We see [0, n) under both max and min operation is a 
semiring. [0, n) under + and x is not in general a ring. We 
define S = {[0, n), +, x} to be a pseudo special ring as the 
distributive law is not true in general for all a, b e S. 
When n is a prime, S is defined as the pseudo special 
interval domain which is of infinite order for all values of 
n, n a natural integer. 

Several special properties about these structures are 
studied and analyzed in this book. Certainly these new 
algebraic structures will find several application in due 
course of time. All these algebraic structures built using 
the interval [0, n) is of infinite order. Using [0, n) matrices 
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are built and operations such as + and x are performed on 
them. It is important to note in all places where 
semigroups and semirings and groups find their 
applications these new algebraic structures can be replaced 
and applied appropriately. 

The authors wish to acknowledge Dr. K Kandasamy 
for his sustained support and encouragement in the writing 
of this book. 



W.B.VASANTHA KANDASAMY 
FLORENTIN SMARANDACHE 
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Chapter One 



INIXOXJCTION 



In this book we for the first time study algebraic structures built 
using the interval [0, n). 

We see Z n = {0, 1, 2, . n - 1 } is always a proper subset of 
[0, n). This study gives many new concepts for we get pseudo 
interval rings of infinite order. The semigroups can be built 
using [0, n) under x or max or min operations. 

Each enjoys a special property. Matrices are built using 
[0, n) and the operations x or max or min are defined. Only in 
case x and min we have zero divisors. This study gives several 
nice properties. If Z n cr [0, n) is a Smarandache semigroup then 
so is [0, n) under x. However under max or min such concept 
cannot sustain. 

We see R = {[0. n), +, x} is a pseudo ring. Study on these 
pseudo rings is carried out in a systematic way. We have studied 
the finite ring Z n ; Z n cr [0. n) but when we include or transform 
the whole interval into a pseudo ring, the notion of this concept 
is interesting and innovative. 

Why was study of this form was not done and what is the 
real problem faced in studying this [0, n) structure? 
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We see when p is a prime we do not get an interval integral 
domain. For decimals cannot have inverses in [0, p) under 
product x. 

Using S max = {[0. n), max} we get a semigroup which is 
idempotent and this semigroup has no greatest element and the 
least element is 0 as max {0, t} = t for all t e [0, n) \ {0}. 

Likewise S min = {[0, n), min} has no greatest element and 0 
is the least element so that min {x, 0} =0 for all x e [0. n). 

This gives an idempotent semigroup of infinite order and it 
has several interesting features. We study S x = {(0. n), x}; this 
gives a number of zero divisors and units. 

If n is a prime we do not have even a single zero divisor or 
idempotent only (n-2) units. These semigroups are of infinite 
order and this study is an interesting one. 

Now R = {[0, n), +, x} be the pseudo ring as the 
distributive laws are not true in general in R. R is of infinite 
order if n = p, p a prime then R is not a pseudo integral domain 
of infinite order. R has units, zero divisors and idempotents. If 
n is not a prime R has zero divisors and R is not an integral 
domain, R is only a commutative pseudo ring with unit. 

If Z n cz [0, n) is a Smarandache pseudo ring so is the pseudo 
ring R = {[0, n), +, x} (n, prime or otherwise); infact if n is a 
prime R is always a pseudo S-ring. 

Study of pseudo ideals in case of R = { [0, n), +, x } is an 
interesting problem. 

If a matrix is built using this R, we see R has zero divisors, 
units and idempotents. We see R has finite subrings also; but 
those finite subrings are not ideals. Flere these pseudo rings 
contains subrings which are not pseudo subrings. 




Chapter Two 



Algebraic Sii^tijresibjngt^ 
Interval [0, n) under 
single Bnvrv Operation 



Here we use the half closed open interval [0, n), n < go; n an 
integer. On [0. n) four operations can be given so that under + 
mod n, [0, n) is the special interval group. [0, n) under x mod n 
is only a special interval semigroup and under max (or min) 
[0, n) is a special interval semigroup. 

Study of this is innovative and interesting. This study 
throws light on how the interval [0, n) behaves under product 
and sum +; several special features about them are analysed. 

Let S = {[0, 9), +} be the group under addition modulo 9. 
0 is the additive inverse. 

For every x e [0, 9) there is a unique y e [0, 9) such that 
x + y = 9 = 0 (mod 9); so x is the inverse of y with respect to ‘+’ 
and vice versa. 
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If x = 3.029 g S; then y = 5.971 g [0, 9) and x + y = 3.029 
+ 5.97 1 g [0. 9) is such that x + y = 3.029 + 5.97 1 = 9 = 0 (mod 
9) so x is the additive inverse of y and vice versa. 

We will illustrate this situation by some examples. 

Example 2.1: Let S = {[0, 4). +} be the special interval group. 
This group has also finite subgroups. For P = {0, 1, 2, 3} cz S is 
a subgroup of S under +. 

We call S as the special interval group. 

T={0, 2} c S is a special interval subgroup of S. 

Example 2.2: Let S = {[0, 12), +} be the special interval group. 
T={0, 6} c; S is a special interval subgroup of S. 

P = {0, 2, 4, 6, 8, 10} c S is also a special interval subgroup 
of S. 

M = {0, 4, 8} c S is also a special interval subgroup of S. 

DEFINITION 2.1: Let S = {[ 0 , n), n >2, n an integer; +} be the 
special interval group under addition modulo n. S is a group; 
for if a, b € S. 

(1) a + b (mod n) e S. 

(2) 0 € S = [0, n) is such that for all a e S, a + 0 - 0 + a 
= a. 

( 3 ) For every a e S there exist a unique b in S such that 
a + b = n = 0 ( mod n ), b is called the additive inverse 
of a and vice versa. 

(4) a + b - b + a for all a, b g S. 

Thus (S, +) is an abelian group under defined as the 
special natural group on interval [0, n) under ‘+ ’ or special 
interval group. 
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Clearly o(S) = <x> for any n e N. This interval [0, n) give a 
group of infinite order under ‘+’ modulo n. 

We will give examples of them. 

Example 2.3: Let S = {[0, 11), +} be the special natural group 
on interval [0, 11). o(S) = oo and S is a abelian. S has many 
finite order subgroups. 

The subgroup generated by (0.1) = {0, 0.1, 0.9, 0.2, 0.3, 0.4, 
0.5, 0.6, 0.7, 0.8, 1, 1.1, 1.2, ..., 1.18, 1.9, 2, 2.1, ..., 10.9} c S 
is a finite subgroup of S under + modulo 1 1 . 

The subgroup generated by T = (1) is such that o(T) =11 
and so on. However [0, t); t < 1 1 is not a subgroup under +. 

Example 2.4: Let S = {[0, 7), +} be the special natural interval 
group. 

Ti = {0, 1, 2, 3, 4, 5, 6} c= S is a subgroup of finite order. 

S has only one group of finite order. 

Can S have other subgroups? 

T 2 = {0, 0.5, 1, 1.5, 2, 2.5, 3, 3.5, 4, 4.5, ..., 6, 6.5} c S is 
again a subgroup of finite order. 

T 3 = {0, 0.2, 0.4, 0.6, 0.8, 1, 1.2, 1.4, ..., 6.2, 6.4, 6.8, 6.6} 
c S is again a subgroup of finite order. 

Thus this is a special natural interval group which has many 
finite special natural interval subgroups. 

Now [0, 7) c: [0, 7], 7 is prime yet we have subgroups for 

* 



S={[0, 7),+}. 
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Example 2.5: Let S = {[0, 16), +} be a special interval group 
under +. 

Ti = {0, 8} is a subgroup of S. T 2 = {0, 4, 8, 12} is again a 
subgroup of S. 

Consider T 3 = {0, 2, 4, 6, 8, 10, 12, 14} c S is again a 
subgroup of S. 

T 4 = {0, 1, 2, 15} c S is also a subgroup of S. Further 

T 4 = Z 16 . 

Now we consider 

T 5 = {0, 0.0001, 0.0002, ..., 15, 15.0001, ..., 15.9999} c S. T 5 
is a subgroup of S of finite order. 

Now having seen subgroups of finite order we proceed on to 
build algebraic groups using [0, n) under the operation +. 

Example 2.6: Let S = { (ai, a 2 , a 3 ) I a, e [0, 30), +} be the 
special interval group of infinite order. 

This is of infinite order and is commutative. This has both 
subgroups; of finite and infinite order. 

We will just illustrate this by the following. 

Ti = { (a 3 , 0, 0) I a ; e [0, 30), +} c S is a subgroup of infinite 
order. 

T 2 = {(0, ai, 0) I a 3 g [0, 30), +}cS and 

T 3 = {(0, 0, ai) I a 3 e [0, 30), +} cS are also subgroups of 
infinite order. 

We see T; n Tj = {(0, 0, 0)} ifi*j, 1 <i,j <3. 

Consider P! = {(a!, 0, 0) I a, e {0, 1, 2, ..., 29}, +} c S is a 
subgroup of S. We see Pi is a finite subgroup and of order 30. 
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P 2 = {(0, ai, 0) I ai e {0, 2, 4, 6 , 8 , 10, 28}, +} cS is a 

finite subgroup of order 15. 

P 3 = {(0, 0, ai) I a] e {0, 10, 20}, +} c S is a finite 
subgroup of order 3. 



P 4 = {(a,, a 2 , a 3 ) I a u a 2 , a 3 e {0, 5, 10, 15, 20, 25}, +}cS 
is a finite subgroup of order 216. 

Thus S has finite number of finite subgroups. 

B = { (ai, a 2 , a 3 ) I a ; e {0, 10, 20}, 1 < i < 3, +} c S is a 
special interval subgroup of S of finite order. 

B' = {(aj, a 2 , 0) I ai, a 2 e [0, 30), +} c S is a subgroup of S 
of infinite order. 

We can have subgroups of both finite and infinite order. 

B n B' = {(a!, a 2 , 0) I a 3 , a 2 = {0, 10, 20}} and 

B u B' = {(a, b, c) I a, b e [0, 30) and c e {0, 10, 20}} are 
again subgroups of S. 

Example 2. 7: Let 



S = 



a ; e [0, 19); 1 < i < 8 } 



be the special interval group of infinite order. 



S has finite number of subgroups. 
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a i 

T,= < ° aie[0, 19)} 

L°J 

is the special interval subgroup. 

T °1 

a i 

T 2 =< 2 ai, a 2 e [0, 19)} 

L°J 

be the special interval subgroup of infinite order. 

T °1 

0 

0 

T 3 = a Q ' a lG [0, 19)} cS 
0 

L°J 

be the special interval subgroup of infinite order. 

kl 

P 1= a ; a,G {0. 1.2, ..., 18};l<i<9}cS 



a, 
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be the finite special interval subgroup of S. 

Let 

[ a i 1 

0 

a 2 

0 

B = a 3 a ; g [0, 19); l<i<5)cS 
0 
a 4 
0 

L a s J 

be the special interval subgroup of S of infinite order. 

kl 

0 

a 2 

0 

B[ = < a 3 aj e [0. 19); 1 < i < 5} c S 
0 

a 4 

0 

i a j 

be the special interval subgroup of S of infinite order. 



S has several finite subgroups as well as infinite subgroups. 
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Example 2.8: Let 

a i a 2 a 3 
d A tit 

S=< . , 5 . a ; e [0, 8); 1 <i< 15} 

L a i3 a i4 a i5 J 

be the special interval group of infinite order. 

Take 

a, 0 0 
0 0 0 

Pi= . . . a, e {0,2,4,6}}cS; 

[o 0 OJ 

Pi is a special interval subgroup of order 4. 

0 a 2 0 
0 0 0 

P 2 = . . . a 2 e{0,2,4,61)cS 

[o 0 Oj 

is a special interval subgroup of order 4. 

We have atleast 15 subgroups of order 4. 

Let 

[ a i a 2 01 
0 0 0 

Ti = 1 . . . a,, a 2 g {0,4j} cS 



0 0 0 
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be another special interval subgroup of order 4. 



Tt = 



0 0 0 
0 0 0 



0 0 0 



4 0 O' 
0 0 0 



0 0 0 



is of order 4. 



T 2 = 



0 4 O' 
0 0 0 



0 0 0 



4 4 0" 
0 0 0 



0 0 0 



0 a, a 2 

0 0 0 

0 0 0 



ai, a 2 e {0,4}}cS 



is the special interval subgroup. 







0 



0 a 2 
0 0 



ai, a 2 e {0, 4} } cS 



0 0 0 



is the special interval subgroup. o(T 3 ) = 4. 



aj 0 0 

a 2 0 0 



ai, a 2 e {0,4j}cS 



0 0 0 



be the special interval subgroup. o(T 3 ) = 4 and so on. 
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To o ol 

0 0 0 

Ti5 = j . . . au a 2 e {0,4}}cS 

0 aj a 2 

be the special interval subgroup. o(T 15 ) = 4. 

a i a 2 a 3 

0 0 0 

Wi = < . . . a; g { 0, 4 } , 1 < i < 3 } . 

[o 0 oj 

o(Wj) = 




cS 



is a special interval subgroup of order 8. 

We can find several subgroups of finite order. We see S has 
infinite subgroups also. 

Example 2.9: Let 





a; g [0. 12), 1 <i< 14} 
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be the special interval group. 

S has several subgroups of finite order. 

For Pi = 



[k 


0 


0 


0 


0 


0 


0" 


ai 


ll° 


0 


0 


0 


0 


0 


0 


a i 


0 


0 


0 


0 


0" 


1 
















a, g ( 


0 


0 


0 


0 


0 


0 







a! g [0, 6)} c S, 



T° 


0 


0 


0 


0 


1 

o 

o 


i 

o 


0 


0 


0 


0 


O 

l 



P 2 = 



Pl4 = 

are 14 subgroups of order two. 
Take 

Bi = 



B,= 



B,= 



ai g [0, 6)}cS 



[fa, a 2 0 . 


■ «1 


[|_0 0 0. 


o ' 



fk o a 2 


0 


0 


01 


[L 0 0 0 


0 


0 


°J 



1 


0 


0 a 1 


0 


01 


1 

o 


0 


0 0 


0 


o ' 



ai, a 2 e {0, 6j)cS, 



an a 2 e {0, 6j)cS, 



ai, a 2 g {0, 6}} 



and so on are all subgroups of S. 



fro 


0 


o .. 


• 0] 


ON 1 


0 


o .. 


.. 01 


i 

o 


0 


o .. 


o ' 


1 

o 


0 


0 .. 


o ' 
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6 6 0 ... 0 

0 0 0 ... 0 



0 6 0 ... 0 

0 0 0 ... 0 



cS 



is a subgroup of order 4. There are atleast 66 subgroups of 
order 4. 

We can get 



j a t a 2 a 3 0 0 0 

{[o 0 0 0 0 0 



a ls a 2 , a 3 g {0, 6}} c S 



be the subgroup of order eight. 



_[ 


"0 


0 


0 


0 


0 


0" 


"6 


0 


0 


0 


0 


0" 




0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


[0 


6 


0 


0 


0 


O' 


"0 


0 


6 


0 


0 


0" 




' O 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0_ 


9 


r<5 


6 


0 


0 


0 


0" 


"6 


0 


6 


0 


0 


0" 




o 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


9 



0 6 6 0 0 0 
0 0 0 0 0 0 



6 6 6 0 0 0 
0 0 0 0 0 0 



cS 



be the subgroup of order 8. 



j a t 0 a 2 a 3 0 0 

|[o 0 0 0 0 0 



an a 2 , a 3 g {0. 6}} c S. 



fro 0 0 0 0 0 

1 0 0 0 aj a 2 a 3 



.... D t = 



a 1; a 2 , a 3 g {0, 6}} c S 
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are t (< oo) special interval subgroups of order 8 (t = 220). 
Likewise we can find subgroups of finite order. 

S has also subgroups of infinite order for take 



M, = 



a t 0 . 


■ o] 


/ 

i 

o 

o 


o ' 



ai e [0. 12)} cS, ..., 



To 


o . 


1 

O 


t 

i 

O 


0 . 


P 

i 



M12 - 



are all subgroups of infinite order. 



a! e [0. 12)} c S 



Ni = 



a 2 a 3 a 4 0 0 
0 0 0 0 0 0 



ai, a 2 , a 3 , a 4 g [0, 12)} c S, 



N,= 



a 



i 0 a 2 



a 3 a 4 0 



N r = 



0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 a 4 a 2 a 3 a 4 



ai, a 2 , a 3 , a 4 e [0, 12)} c S, 



a, g [0. 12), l<i<4}cS 



(r < oo) are all subgroups of infinite order. 

We have atleast 495 such subgroups and so on. 

Thus we have more number of finite subgroups than that of 
infinite subgroups (prove or disprove) ! 

Take 



i 


0 


0 . 


• 01 


1 

o 


0 


0 . 


o ' 



a! g {0, 2, 4, 6, 8, 10}} cS 
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be the subgroup of S. 

We see o(Li) = 6. We have 12 subgroups of order 6. 



f-2 - 



1 

& 

NJ 

o 


0 


0 


01 


[o 0 0 


0 


0 


°J 



ai, a 2 e 



{0, 2, 4, 6,8, 10}} cS 



be the subgroup of S of finite order. o(L 2 ) = 36. 



fro 


0 . 


■ 01 


1 

o 


0 . 


o ' 



"2 


0 


0 


0 


0 


0" 


"4 


0 .. 


.. 0" 


"6 


0 .. 


.. 0" 


0 


0 


0 


0 


0 


0 


' 0 


0 .. 


.. 0 


' 0 


0 .. 


.. 0 



"8 


0 .. 


. 0" 


"10 


0 




0" 


"0 


2 


0 




o' 




0 


0 .. 


■ o_’ 


0 


0 




0 


' 0 


0 


0 




0 


9 


4 


0 . 


.. 0" 


"0 


6 


0 




0" 


"0 


8 


0 




0" 


0 


0 . 


.. 0 


’_0 


0 


0 




0 


' 0 


0 


0 




0 



"0 


10 


0 .. 


.. 0" 


"2 


2 


0 


0 


0 


0" 


"4 


4 


0 .. 


.. 0" 


0 


0 


0 .. 


.. 0 


’ o 


0 


0 


0 


0 


0 


’ o 


0 


0 .. 


.. 0 



ro 


6 


0 .. 


.. 0" 


"8 


8 


0 .. 


.. 0" 




"10 


10 


0 .. 


.. 0" 


1 

o 


0 


0 .. 


.. 0 


’ 0 


0 


0 .. 


.. 0 


9 


0 


0 


0 .. 


.. 0 



"2 


4 


0 . 


. 0 " 


"4 


2 


0 . 


. 0 " 


"2 


6 


0 . 


. 0 " 


0 


0 


0 . 


■ o_ 


0 


0 


0 . 


■ o_ 


0 


0 


0 . 


■ o_ 


"6 


2 


0 . 


. 0 " 


"2 


8 


0 . 


. 0 " 


"8 


2 


0 . 


. 0 " 


0 


0 


0 . 


■ o_ 


0 


0 


0 . 


■ o_ 


0 


0 


0 . 


■ o_ 
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"2 


10 


0 




. O' 


no 


2 




0 


.. 0" 


[4 


6 


0 . 


.. 0" 


0 


0 


0 




. 0 


{o 


0 


0 


.. 0 


{o 


0 


0 . 


.. 0 








'6 


4 


0 .. 


C 


" 


"4 


8 0 ... 


O' 












0 


0 


0 .. 


c 




0 


0 0 ... 


0 






"8 


4 


0 




0" 


"4 


10 


0 .. 


0" 


"10 


4 


0 . 


.. 0" 


0 


0 


0 




O’ 


0 


0 


0 .. 


0 


0 


0 


0 . 


.. 0 ' 


"6 


8 


0 




0" 


"8 


6 


0 




0" 


"6 


10 


0 .. 


0" 


0 


0 


0 




0 


0 


0 


0 




0_’ 


0 


0 


0 .. 


o’ 


10 


6 


0 




0" 


"8 


10 


0 .. 


0" 


"8 


10 


0 . 


■ oil 


0 


0 


0 




0_’ 


0 


0 


0 .. 


0 


0 


0 


0 . 


■ oJj 



Clearly o(L 2 ) = 36. We have atleast 66 such subgroups of 
order 36. 



Likewise we can find 



J aj a 2 a 3 a 4 0 0 

{L 0 0 0 0 0 0 



{0. 2. 4. 6,8, 10}, 

1 <i<4 } cS 



to be subgroup of finite order. 

We have atleast 495 subgroups of this type. 

Further we using the subgroup {0, 3, 6, 9}; get finite order 
special interval subgroups of S. 
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Example 2.10: 


Let 




a, a 2 


S= < 






_ a n a i2_ 



ai g [0, 13); 1 < i < 12, +} 



be the special interval group of infinite order. 

Clearly [0, 13) has finite subgroups under addition say 
F = {0, 1, 2, 3, 12}. 

We can get atleast Sn = 12 C 1 + 12 C 2 + ... + 12 C 12 number of 
special interval subgroups finite order using F. 

We have at least S 12 = 12 C 1 + 12 C 2 + ... + 12 C 11 number of 
subgroups of infinite order. 

Theorem 2.1: Let 

S = fn x m matrices with entries from [0, t)j (t a prime) be the 
special interval group of infinite order. 

(i) S has atleast S j — nxinC] "T nxmC 2 ~t~ ... + nxmf-'nxm 

number of finite subgroups where the matrix takes 
its entries from F - {0, 1, 2, ..., t-lj (m xn — mn). 

(ii) S has atleast S,- 1 number of subgroups of infinite 
order. 

Proof is direct and hence left as an exercise to the reader. 

THEOREM 2.2: Let S = {Collection of n x m matrices with 
entries from [0, t); t not a prime } be the special interval group 
under addition. 

[0, t) has subgroups of finite order and these contribute to 
special interval subgroups of S of finite order apart from the 
finite groups mentioned in theorem 2.1. 



Proof is left as an exercise to the reader. 
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Now, can we have any other group under + using intervals 
of the form [0, n)? 

This is answered by examples. 

Example 2.11: Let S = {[0, 3) x [0, 7), +} be a special interval 
group of infinite order. 

Take P = {{0. 1, 2} x {0, 1, 2, 3, 4, 5, 6}} c S, P is a 
special interval subgroup of S of finite order. 

T = {{0, 1,2} x { 0 } } c S is a subgroup of S of finite order. 

W = {{0} x {0, 1. 2, 3, 4, 5,6}}cS is again a subgroup of 
S of finite order. 

We have many finite groups. 

L = {[0, 3) x {0}} is a subgroup of infinite order and 
M = { { 0 } x [0, 7) } c S is again a subgroup of infinite order. 

Thus S has both subgroups of finite and infinite order. 

Example 2.12: Let S = {[0, 6) x [0, 10) x [0, 12) x [0, 20) = 
(ai, aa, a 3 , a 4 ) where ai e [0, 6), a 2 e [0, 10). a 3 e [0. 12) and 
a 4 e [0, 20)} be the special interval group of infinite order. S 
has subgroups of finite order as well as of infinite order. 

(0, 0, 0, 0) acts as the additive identity. Let x = (3.5, 5.9, 
10.2, 5) £ S the additive inverse of x is y = (2.5, 4.1, 1.8, 15) e 
S for x + y = (0, 0, 0, 0). 

Now let x = (5.2, 7.39, 10.4, 15.9) and y = (3.5, 4.8, 5.1, 
8.2) e S. 

We find x + y = (5.2, 7.39, 10.4, 15.9) + (3.5, 4.8, 5.1, 8.2) 

= (2.7, 2.89,5.5,4.1) e S. 
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This is the way ‘+’ operation is performed on S. 

Thus by using the direct product of groups notion, we are in 
a position to get more and more special interval groups. As 
these groups are of infinite order and under the operation ‘+’ 
and as they are commutative we are not in a position to study 
several other properties. 

Example 2.13: Let S = {[0, 4) x [0.9) x [0, 21) x [0, 7)} be the 
special interval group under ‘+\ S is commutative. 

Take = {([0. 4) x {0} x {0} x {0}) = {(a, 0. 0. 0)} where 
a e [0. 4) } c S is a subgroup of infinite order in S. 

Now P 2 = {(0, a, 0,0) I a e[0, 9)} c S is again a subgroup 
of infinite order in S. 

P 3 = {(0, 0, a, 0) I a e [0, 21)} c S is a subgroup of infinite 
order in S. 

P 4 = { (0, 0, 0, a) I a e [0, 7) } c S is a subgroup of infinite 
order in S. 

Thus S has several subgroups of infinite order. 

Consider M 4 = {(a, 0, 0, 0) I a e {0, 1, 2, 3}} c S: M 4 is a 
subgroup of S of finite order. 

We see S has several subgroups of finite order. Also S has 
several subgroups of infinite order. Infact S = Pi + P 2 + P3 + P 4 
is a direct sum of subgroups. 

We see P; n Pj = {(0. 0, 0, 0)} if i * j; 1 < i, j < 4 for every 
element a e S has a unique representation from Pi, P 2 , P 3 and 

P 4 . 



Let M 3 = {(0, a, 0, 0) I a e {0, 1, 2, 3, 4, ..., 8}} c S is also 
a subgroup of S and o(M 3 ) = 9. 
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Likewise M 2 = {(0, 0, a, 0) I a e {0, 1, 2, 3, 20} } c S is 

a subgroup of S and o(M 2 ) = 21 and Mi = {(0, 0, 0, a) I a e {0, 
1, 2, . . 6 } } c S is a subgroup of order 7. 

Clearly M; n Mj = {(0, 0, 0, 0)} if i ^j; 1 < i, j <4 but 
Mi + M 2 + M 3 + M 4 S and Mi + M 2 + M 3 + M 4 — {(a, b, c, d) I 

a e {0, 1, 2, 3}, b e {0, 1, 2, 3, 4 8 },ce {0, 1, 2, 3, 4, 

20} and d e {0, 1, 2, .... 6 }} c S is a subgroup of finite order in 
S. 



Now Nj = {(a, b, 0, c) I a e {0, 1, 2, 3}, b e {0, 1, 2, 3, 

8 } and c e {0, 1, 2, 3, ..., 6 }} c S is a subgroup of finite order 
in S. 

N 2 = {(a, b, 0, 0) I a e {0, 2}, be {0, 3, 6 }}cS is again a 
subgroup of finite order in S. P = {(a, 0, b, 0) I a e [0, 4) and 
b e [0, 21)} c S is again a subgroup of infinite order. 

Thus we can have groups constructed using different 
intervals [ 0 , ai) where ai are integers and ai’s different. 

We will proceed onto give some more examples. 

Example 2.14: Let 



S = 



a, e [0, 8 ), a 2 e [0. 3), 



a 3 e[0, 12) and a 4 , as, a 6 , aj e [0, 48)} 



be the special interval group under addition. 
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“ 3.3 




7 


1 




2 


10 




5.1 


5.7 


and y = 


44.5 


7.8 




38.6 


12.1 




40.2 


40.4 




30 




3.3 ' 




7 




1 




2 




10 




5.1 


+ y = 


5.7 


+ 


44.5 




7.8 




38.6 




12.1 




40.2 




40.4 




30 



3.3 + 7 (mod 8) 




' 2.3 ' 


(1 + 2) (mod 3) 




0 


(10 + 5.1) (mod 12) 




3.1 


(5.7 + 44.5) (mod 48) 


= 


4.2 


(7.8 + 38.6)(mod48) 




46.4 


(12.1 + 40.2) (mod 48) 




4.3 


(40.4 + 30) (mod 48) 




22.4 



This is the way addition is performed on S. 
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Let 



x = 



6.3 
2.1 
10.7 

46.3 
3.5 
7.8 
9.62 



e S 



the additive inverse of x is y e S where 



" 1.7 ' 




" 0 " 


0.9 




0 


1.3 




0 


1.7 


e S is such that x + y = 


0 


44.5 




0 


40.2 




0 


38.38 




0 



the additive identity of x in S. 

S has both infinite and finite order special interval 
subgroups. 




[0. 8)} c S; 



Ti is a subgroup of S of infinite order. 
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Let 

a 

0 

0 

M, = j 0 a e {0, 1, 2, 3, 7} c [0, 8)} c S 

0 
0 

L°J 

be a subgroup of S of order 8. 

Consider 

T°i 

a 

0 

T 2 = | 0 a e [0,3)} cS, 

0 

0 

L°J 

T 2 is a subgroup of infinite order. 

To] 

a 

0 

M 2 = < 0 a e { 0, 1 , 2 } } c S 
0 
0 
0 
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is a subgroup of finite order and o(M 2 ) = 3. 




are such that 




is an infinite special interval subgroup of S. 
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0 

0 

a 

T 3 = J 0 ae {0, 1,2,3, .... 11}} cS 
0 
0 

L°J 

is a subgroup of S order 12. 

M 2 has no subgroups but T 3 has subgroups given by 

r°i 

0 

a 

T] = \ 0 ae {0,3,6,9}1 cT 3 , 

0 

0 

0 



0 

0 

a 

T 3 2 = i 0 ae {0. 6 }}cT 3 , 
0 
0 
0 
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r°i 

0 

a 

T 3 3 = < 0 a e {0, 2, 4, 6, 8, 10}} c T 3 and 
0 
0 
0 



0 

0 

a 

T 3 4 = | 0 a e {0,4, 8 }}cT 3 
0 
0 

L°J 

are the four subgroups of the subgroup T 3 of S. 

Let 

To] 

0 

0 

Bi = < a, a 3 e [0, 48)} c S 
0 
0 
0 



be the special interval subgroup of S under ‘+’ of infinite order. 
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T °1 

0 

0 

B 2 = | 0 ai e [0, 48)} cS 

a i 

0 

L°J 

is a subgroup of S different from It,. 

T °1 

0 

0 

B 3 = < 0 ai e [0, 48)} c S 
0 
a i 

L°J 

be the subgroup of S different from B| and B 2 of infinite order. 

T °1 

0 

0 

B 4 = < 0 ai e [0, 48)} cr S 
0 
0 

LaJ 



is a subgroup of S of infinite order. 
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Clearly 

" 0 " 

0 

0 

Bj n Bj = 0 , for i^j, 1 <i, j <4. 

0 

0 

0 

Let 

T °1 

0 

0 

Dj = < a, a, g {0, 24}} c S 
0 
0 

L°J 

be a subgroup of order two in S. 

T °1 

0 

0 

D 2 = 0 a, G {0, 12, 24, 36}} cS 

a i 

0 

L°J 

is again a subgroup of order four in S. 

We have subgroups of order 2, 3, 4, 6, 8, 12 and so on in S. 
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Example 2.15: Let 



S = 



a i a 2 
a 5 a 6 

a 9 a 10 

‘13 a i4 



3 a 4 

7 a 8 

1 a i2 

ttn cli a tt | s 



a ; g [0, 8), 1 < i < 16, +} 



be a special interval group. 

S has several subgroups of infinite order and also several 
subgroups of finite order. 



P,= 



a, 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 



a[ g [0, 8), +)cS 



is an infinite special interval subgroup of S. 



M! = 



a, 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 



ai e {0, 2, 4, 6}, +} cS 



is a finite special interval subgroup of S. 



P? — 



0 a; 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 



ai g [0, 8), +)cS 



is an infinite subgroup of S. 
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To 


a i 


0 


0" 


0 


0 


0 


0 


0 


0 


0 


0 


1 

O 


0 


0 


o ' 



ai e {0,2, 4, 6}, +}cS 



is a finite subgroup of S. 



To 


0 


a l 


0" 


0 


0 


0 


0 


0 


0 


0 


0 


1 

o 


0 


0 


o ' 



ai g [0, 8), +jcS 



is a subgroup of S of infinite order. 



To 


0 


a l 


0" 


0 


0 


0 


0 


0 


0 


0 


0 


1 

o 


0 


0 


o ' 



ai g {0,2, 4, 6}, +}cS 



is a subgroup of finite order. 



To 


0 


0 


a l 


0 


0 


0 


0 


0 


0 


0 


0 


1 

o 


0 


0 


1 

o 



ai g [0, 8), +)cS 



be the subgroup of S of infinite order. 
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0 0 0 a, 
0 0 0 0 
0 0 0 0 
0 0 0 0 



ai e {0,2, 4, 6}, +}cS 



is a subgroup of finite order. 



0 0 0 0 

a, 0 0 0 

0 0 0 0 

0 0 0 0 



a! e [0, 8), +}cS 



be the subgroup of S is of infinite order. 



0 0 0 0 

a, 0 0 0 

0 0 0 0 

0 0 0 0 



ai e {0,2, 4, 6}, +}cS 



is a subgroup of order four and so on with 



0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 a, c 



a is e [0, 8), +}cS 



is a subgroup of infinite order and 



0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 a,. 



ai e {0,2, 4, 6}, +}cS 
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is a subgroup of order four. 

Now 

a, a 2 0 0 

0 0 0 0 

Ni 2 = i ai, a 2 g [0, 8), +} <= S 

0 0 0 0 

|_0 0 0 oj 

is a subgroup of infinite order. 

aj a 2 0 0 

0 0 0 0 

Ri i = \ ai, a-> e [0, 2, 4, 6} } c= S 

0 0 0 0 ‘ 

|_o 0 o oj 

is a subgroup of finite order and so on. 

k 0 0 ol 
0 0 0 0 

R U « = 0 0 0 0 a i’ a i6 e {°, 2, 4-, 6} } ^ s 

[o 0 0 a 16 J 

is a subgroup of finite order. 

Taj 0 0 0 1 

0 0 0 0 

Ni,i6= \ 0 0 0 0 &1, a ‘ 6 G [°' 8 ' ) > - S 

[o 0 0 a 16 J 



is a subgroup of infinite order. 
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R-5,12 - "1 



0 0 0 0 



a, 



0 0 0 



0 0 0 a 12 

0 0 0 0 



ai, a 12 e {0, 2, 4, 6}}cS 



is a subgroup of finite order. 



Ng,i2 - < 



0 0 0 0 



a. 



0 0 0 



0 0 0 a 12 

0 0 0 0 



a 5 , a 12 g[0, 8)1cS 



is a subgroup of infinite order. 



N345 - 



0 0 
0 0 
0 0 



a 



0 

0 0 
0 0 



0 0 a 15 0 



a u a 15 e[0, 8 )}cS 



is a subgroup of S of infinite order. 



Let 



^ 3,15 - \ 



0 0 aj 

0 0 0 

0 0 0 

0 0 a 15 



0 

0 

0 

0 



ai, ai 5 g {0, 2. 4, 6}} cS 



be a subgroup of S of finite order. 
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Likewise 

T a l 0 0 Ol 
a, 0 0 a„ 

Ti 5 8 = i ai, a 5 , a 8 g {0, 2, 4, 8}} <= S 

0 0 0 0 

[o 0 0 oj 

is a subgroup of finite order. 

Ta, 0 0 Ol 

a, 0 0 a s 

Ji58= \ ~ ai, a 5 , a 8 g {0, 2, 4, 8}} c S 

0 0 0 0 

[o 0 0 oj 

is a subgroup of finite order. 

Too o o 1 

0 0 a 7 0 

W7J2.14 - \ a7, a 12 , a 14 g {0, 2, 4. 8} } c S 

0 0 0 a 12 

|_0 a 14 0 0 J 

is a subgroup of finite order and so on. 

Let 

a ( a 2 0 0 

a 5 0 a 7 0 

b'l. 2, 5, 7, 11. 16 — 1 ^ ai, a 2 , as, 

0 0 a n 0 

|_° 0 0 a 16 J 



a 7 , a 11; a, 6 g [0, 8)}} c S 
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be a special interval subgroup of infinite order. 



F 1.2.5, 7,1 1.16 — 3 



a i a 2 

a 5 0 
0 
0 



0 0 
a 7 0 
0 a n 0 

0 0 a,. 



an &2, as, 



a 7 , an, a l6 e {0. 2, 4, 6}} c S 



is a subgroup of finite order. 



This S has several but finite number of finite subgroups and 
infinite subgroups. 

Example 2.16: Let 



S = 



a l 


a 2 


a 3 


a 4 


a 5 


a 6 


a 7 


a 8 


a 9 


a io 


a n 


a i 2 


a i3 


a i4 


a i5 


a i6 


a i7 


a i8 


a i9 


a 20 


a 21 


a 22 


a 23 


a 24 


a 25 


a 26 


a 27 


a 28 


a 29 


a 30 


a 3 l 


a 32 



ai g [0, 19); 1 < i < 32. +} 



be a special interval group of infinite order. 
Let 



Ti = 



a, 0 0 0 

0 0 0 0 

0 0 0 0 



aj e [0. 19)} cS 
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be a subgroup of infinite order. 

To o o ol 

0 0 a, 0 

T 7 = . . . a, e |0, 19)} cS 

[o 0 0 0 

is a subgroup of infinite order. 

0 0 0 0 
0 0 0 0 
0 a! 0 0 
0 0 0 0 

0 0 0 0 

be a subgroup of infinite order. 

To o o ol 
0 0 0 0 
0 0 0 0 

T 15 = 0 0 a, 0 ai e [0, 19)} cS 

0 0 0 0 

0 0 0 0 



aj e [0. 19)} c S 




be a subgroup of infinite order. 
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0 0 0 0 
0 0 0 0 




0 a 26 
0 0 



0 0 
0 0 
0 0 



a 26 G [0, 19)} cS 



be a subgroup of infinite order. 



0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


1 

0 


0 


a l 


0 ' 



aj e [0. 19)} c S 



be a subgroup of infinite order. 



Q3.11 - 



0 

0 

0 

0 



0 

0 

0 

0 



0 

i n 

0 



0 

0 

0 

0 



a 1; a 3 e [0. 19)} c S 



0 0 0 0 



be a subgroup of infinite order. 
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0 0 0 0 

0 0 a 7 0 

0 0 0 0 

Qv .20 = \ ' ' ' ' a 7 , a 20 g [0, 19)} c S 

0 0 0 a 20 

0 0 0 0 

0 0 0 0 

[o 0 0 0 J 

be a subgroup of infinite order. 

To 0 a 3 01 

0 0 0 0 

0 a 10 0 0 

Y3.10.17.31 = ' 0 0 0 0 a 3 , aio, a 17, 

a 17 0 0 0 

0 0 a 31 0 

a 31 e [0. 19)} cS 

is a subgroup of infinite order. 

S has subgroups of infinite order. S can have subgroups of 
finite order also. 



Example 2.17: Let 

a 9 ] 

a 18 a, e[0, 15), 1 <i<27} 

a 27 _ 




be the special interval group. 
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This has subgroups of both finite and infinite order. 







1 


o .. 


i 

O 


II 

< 




0 


o .. 


. 0 






1 

o 


o .. 


1 

O 



a! e{0, 5, 10}} cS 



is a special interval subgroup of order three. 





"0 


0 


0 


0 


0 


0 


a 7 


0 


0" 


A 7 — < 


0 


0 


0 


0 


0 


0 


0 


0 


0 




0 


0 


0 


0 


0 


0 


0 


0 


0 



a 7 g { 0, 5, 10}} cS 



is a special interval subgroup of order three and so on. 







1 

o 


0 . 


1 

o 


> 

so 

II 




0 


0 . 


. 0 






_ a !9 


0 . 


1 

o 



ai 9 g{0, 5. 10}} cS 



is a subgroup of order three and 







'0 


0 . 


. 0 ' 


A 21 - • 




0 


0 . 


. 0 






0 


0 . 


a 2 7 _ 



a 27 g{0, 5, 10}} cS 



is a subgroup of order three. 



Let Pi - 



a i 

< 0 
0 



0 ... 0 
0 ... 0 

0 ... 0 



a! e[0, 15)} c S 



be a subgroup of infinite order. 
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P,= 



a 2 0 
0 0 
0 0 



0 

0 

0 



a 2 g[0, 15)} cS 



is again a subgroup of S of infinite order and so on. 







"0 


0 .. 


. 0 


0 " 


P26 - < 




0 


0 .. 


. 0 


0 






0 


0 .. 


• a 26 


0 



a 26 e[0, 15)} c S 



is a subgroup of infinite order in S. 



Suppose 



A3.5.9 



0 0 a 3 0 a 5 

<0 0 0 0 0 

0 0 0 0 0 



a 9 

0 

0 



a 3 , a 5 , a 9 g[0, 15)} c S 



is a special interval a subgroup of infinite order in S. 







'0 


0 


a 3 


0 


a 5 • 


. a 9 




P3.5.9 - • 




0 


0 


0 


0 


0 . 


. 0 








0 


0 


0 


0 


0 . 


. 0 





a 9 g {0.5, 10}} cS 



is a special interval subgroup of infinite order in S. 

Thus S has both finite and infinite order subgroups in S. 
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Let 

To o ... o 1 

V r = < a 3 a 2 ... a 9 ai g{0. 5, 10}, 1 < i < 9} c S 

|_o 0 ... oj 

be the subgroup of S. V r is of finite order. 

To o ... ol 

W r = < aj a 2 ... a 9 a ; e [0, 15), 1 < i < 9} c S 

|_o 0 ... oj 

be the subgroup of S of infinite order. 

To o ... o 1 

W ri =j 0 0 ... 0 a ; G [0. 15), 1 < i < 9} cS 

_ a [ &2 "■ ^9 _ 

be the subgroup of S of infinite order. 

To o ... o 1 

V ri =|o 0 ... 0 a, g {0,5, 10}, 1 < i < 9} cS 

a ( a 2 ... a 9 

is a subgroup of S of finite order. 

[0 0 0 0 a, 0 ... Ol 

E Cs =i 0 0 0 0 a 2 0 ... 0 a iG [0, 15), 1 < i < 3} cS 

[o 0 0 0 a 3 0 ... oj 



is a subgroup of S of infinite order. 
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T° 


0 


0 


0 


a l 


0 . 


. 0 " 






0 


0 


0 


0 


a 2 


0 . 


. 0 




a ; g {0, 3. 6. 9. 


[o 


0 


0 


0 


a 3 


0 . 


. 0 







12}, l<i<3}cS 

is a finite subgroup of S. 

We can have using the 9 columns; 9 subgroups of finite 
order and 9 subgroups of infinite order. 

Thus we have several subgroups of finite order and infinite 
order in S. 

Example 2.18: Let 



a i 


a 2 


a 3 


a 4 


a 5 


a 6 


a 7 


a 8 


a 9 


a io 


a il 


a i2 


a i3 


a i4 


a i5 


a i6 


a i7 


a i8 


a i 9 


a 20 


a 2l 


a 22 


a 23 


a 24 


a 25 


a 26 


a 27 



a, g [0, 23); 1 < i < 27} 



be the special interval super matrix group under +. S is of 
infinite order and is commutative. 

To the best of authors knowledge S has subgroups of finite 
order. However S has several subgroups of infinite order. 
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Consider 



1 

p 


a 2 


a 3~ 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


1 

o 


0 


0 



a, e [0, 23); l<i<3}cS 



P r is a subgroup of S of infinite order. 



1 

o 


0 

0 


1 

o o 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


o 


0 


0 


o 


1 

o 


0 


o 

1 



a, e [0, 23)} cS 



is a special interval subgroup of infinite order. 
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0 


0 


0 


0 


0 


0 


a l 


0 


~0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


~0 


0 


0 


0 


0 


0 


"o 



is a subgroup of infinite order. 



0 


0 


0 


0 


0 


0 


o~ 


0 


~0 


0 


0 


0 


0 


0 


0 


0 


0 


a 


(T 


0 


~o 


0 


0 


0 


o~ 


0 


~0 



ai e [0. 23)} c S 



a e [0. 23)} c S 



is a subgroup of infinite order of S. 
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Now 



0 


0 


0 


0 


0 


0 


o~ 


0 


~0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


o~ 


0 


~0 


0 


0 


0 


o~ 


a 


~0 



a g [0, 23)} c S 



is a subgroup of S of infinite order. 
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a; g [0, 23), l<i<9}cS 



is a subgroup of S of infinite order. 
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0 0 
0 0 
0 o~ 

i n 0 

0 0 

o 

0 0 
0 0 
0 a 27 

aig, a 27 e [0, 23)} c S 

is a subgroup of S of infinite order. 

S has finitely many subgroups infinite order and finite 
order. 

Example 2.19: Let 




be the special interval group of infinite order. 

This group has several subgroups of finite order and several 
subgroups of infinite order. Z 6 , {0, 2, 4} and {0, 3} are 
subgroups of [0, 6) which help in getting finite subgroups. 
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is a finite subgroup of S. 
Likewise 




a ; e {0, 2,4}, 1 < i < 28} cS 



is a finite subgroup of S. 
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is a subgroup of S of infinite order. 




is a subgroup of finite order in S. 

Thus S has only finite number of subgroups of finite order. 

Let us now give one or two examples of special interval 
super row matrix groups (super column matrix) groups. 

Example 2.20: Let 




aj g [0, 13); 1 < i < 40, +} 



be the special interval group of infinite order. 
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S has several or equivalently n = 13 C 1 + 13 C 2 + 
number of subgroups all of them are of infinite order. 
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be the subgroup of S of infinite order so on. 
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is a subgroup of S of infinite order. 
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T° 
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is a special interval subgroup of the special interval super 
column matrix subgroup of S of infinite order and so on. 
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a, g [0. 13), l<i<4}cS 



is a special interval super column matrix subgroup of S of 
infinite order. 
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is again a special interval super column matrix subgroup of 
infinite order. 

Now consider 




is a subgroup of S of infinite order. 
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D c 3 
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a, e [0, 13), 1 <i< 10} cS 



is a subgroup of S of infinite order. 

So we can have 14 such subgroups given by D c and B r ; 

1 < i < 4 and 1 < j < 10, however these subgroups will find their 
place in the n subgroups mentioned. 

Example 2.21: Let 
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a lG [0, 11), l<i<27,+} 



be the special interval row matrix group. 

S is of infinite order S has only subgroups of infinite order 
barring 




60 | Algebraic Structures using [0, n) 

a i a 2 a 3 a 4 a 5 a 6 a 7 a 8 a 9 

Q = a i0 a il a i2 a i3 a i4 a i5 a i6 a i7 a i8 

a 19 a 20 a 21 a 22 a 23 S 24 S 25 S 26 a 27 

a, e {0, 1,2, 10}}, a, e [0, 11) }cS 

is a subgroup of infinite order. We have 27 such subgroups. 
Each T; = {[0. 11), +} that is Tj is isomorphic with the special 
interval group, for 1 < i < 27. 



[0 a, 0 0 0 0 0 0 01 

P Co = \ 0 a 2 0 0 0 0 0 0 0 a,, a 2 , 

[o a 3 0 0 0 0 0 0 oj 

a 3 e[0, 11),+ }cS 

be a subgroup of infinite order we have 9 such subgroups. 
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a 8 
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l<i<9}cS 

is a subgroup of infinite order. We have 3 such subgroups. 

Now we give polynomial groups using intervals. 

Example 2.22: Let 

S = |X a i xi a, e }0, 17)} 
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under + be the special interval group of polynomials of infinite 
order. 

Example 2.23: Let 



S= X a . x ‘ 



a; g [0, 22), +} 



be a group. S is of infinite order. S has finite subgroups. 
For take 



M = £a iX ‘ 



a; g {0, ll},0<i< 10,+} cS 



is a finite subgroup of S. 

p(x) g M has coefficients either 0 or 1 1 only and each p(x) 
g M is such that p(x) + p(x) = (0); zero polynomial as 11 + 11 = 
0 (mod 22). 

So S has subgroups of order two, three and so on. S has 
also subgroups of infinite order. 



N = 2>i x ‘ 



a; g [0, 22), 0 < i < 8} c S 



is a subgroup of infinite order S has also infinitely many 
subgroups of finite order. 

S has also infinitely many subgroups of finite order. 
Example 2.24: Let 



S= Za,x‘ 



a, g [0, 19), 0 < i < 27} 
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be a special interval polynomial group. S is of infinite order. 
The subgroup of finite order being; 



p = Z a i x ‘ 



a, g {0. 1.2. 3, 4. 5, ..., 18}. 0 < i < 27} c S. 



T = 




a ; g [0, 19), 0 < i < 10,+} cS 



is a subgroup of infinite order. 

Let M = {a + bx I a, b g[0, 19), +} c S is also a subgroup of 
infinite order. 

N = {a + bx + ex 2 + dx 3 I a, b, c, d g [0, 19), +} c S is a 
subgroup of infinite order. 

Example 2.25: Let 



S = 




a; g [0, 3), 0 < i < 15, +} 



be a special interval group of polynomials of infinite order. 
Let 



X, = 




a, g {0, 1, 2}, 0<i<5, + }cS 



be a subgroup of finite order. 



X 2 = 




a; G {0, 0.5, 1, 1.5, 2, 2.5}, 0 < i < 8, +} c S 



is also a subgroup of finite order. 
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X 3 = 




a, g {0, 0.25, 0.50, 0.75, 1, 1.25, 1.50, 



1.75, 2, 2.25, 2.50, 2.75}, 0 < i < 10, +} c S 
is a subgroup of finite order. 

Yi = ja + bx I a, b e [0, 3)} c S is a subgroup of infinite 
order. 

Y 2 = {a + bx 2 + ex 4 I a, b, c e [0, 3), +} c S is a subgroup of 
infinite order. 

Y 3 = {a + bx 7 + ex 111 I a, b, c g [0, 3), +} c S is a subgroup 
of infinite order. 

Example 2.26: Let 



S = 




aj g [0, 2), 0 < i < 30} 



be the special interval polynomial group of infinite order. This 
has several finite subgroups. 

Let Xi = {a + bx I a, b g {0, 1}, +} c S be a subgroup of 
finite order IX 3 I = 4. 

X 2 = {a + bx I a, b g {0, 0.5, 1, 1.5}, +} c S is also a 
subgroup of finite order. 

X!CX 2 . o(Xi)<o(X 2 ) 

X 3 = {a + bx I a, b G {0, 0.25, 0.50, 0.75, 1, 1.25, 1.50, 
1.75} +} c S is a subgroup of finite order. 



XicX 2 c X 3 and o(X 3 ) > o(X 2 ) > o(Xi). 
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X 4 = {a + bx I a, b e {0.125, 0.250, 0.375, 0.5, 0.625, 0.750, 
1, 1.125, 1.250, 1.375, 1.5, 1.675, 1.750}, +} c S is a subgroup 
of finite order. 

o(X 4 ) > o(X 3 ) > o(X 2 ) > o(X,) and 



X,cX 2 cX 3 c X 4 . 



We can get a chain of subgroups. 

We have several such chains. 

Let Yj = {a + bx + ex 2 I a, b, c e {0, 0.2, 0.4, 0.6, 0.8, 1, 
1.2, ...,1.8} c [0, 2), +} be a finite subgroup of S. 

Y 2 — {a + bx + ex 2 I a, b, c e {0, 0.1, 0.2, ..., 1, 1.1, ..., 
1.9}, +} c S is a finite subgroup of S. 

Infact S has infinitely many finite subgroups. For let Y n = 
{ a + bx I a, b £ {0,0.001,0.002,0.003, ..., 1.001, .... 1.999} c 
[0, 2) be a subgroup of finite order. 

Thus S has infinitely many finite subgroups. 

It is the main advantage of using the interval [0, p) even if p 
is a prime [0, p) has infinitely many subgroups of finite order 
under ‘+’. 

THEOREM 2.3: Let S - {[0, p), +} be the special interval group 
( p a prime). S has infinitely many subgroups of finite order. 

Proof follows from the fact S n = {0.0005 or 0.001 or 0.0002 
or 0.00002} generates a finite subgroup under addition. 

Corollary 2.1: Let p be any composite number in Theorem 2.3. 
Then also S has infinite number of finite subgroups. 

Example 2.27: Let S = {[0, 7), +} be a group under ‘+’; S has 
infinitely many subgroups of finite order. 
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Example 2.28: Let S = {[0, 15), +} be a group. S has infinitely 
many subgroups of finite order. 

Example 2.29: Let S = {[0, 3), x [0, 8), +} be a group. S has 
infinitely many subgroups of finite order. 

Example 2.30: Let S = {[0, 7) x [0, 11) x [0, 29), +} be the 
special interval group of infinite order. S has infinitely many 
subgroups of finite order. 

Example 2.31: Let S = {(a!, a 2 , a 3 ) I a ; e [0, 3), 1 < i < 3} be a 
special interval group. S has infinitely many subgroups of finite 
order. 

We can have the usual notion of group homomorphism <j), 
kernel of the homomorphism (j) and other properties. 

As the group is under addition and the groups are of infinite 
order it is difficult to arrive more properties about them. 

However we see if S = {[0, n), +} be the special interval 
group we get Z n c S as a subgroup of finite order. 

Thus we have the following theorem. 

THEOREM 2.4: Let S — {[0, n), +} be the special interval 
group. {Z„, +} crS is always a finite subgroup ofS. 

The proof is direct and hence left as an exercise to the 
reader. 

Example 2.32: Let S = {[0, 7) x [0, 12) x [0, 17) x [0, 36), +} 
be a special interval group. Clearly T = Z 7 x Z 12 x Z n x Z 36 cr S 
is a subgroup of finite order. 

Also Pi = Z 7 x {0, 3, 6, 9} x Z 17 x {0, 12, 24} c S is a 
subgroup of finite order. 
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P 2 - Z 7 x {0} x {0} x {0, 6, 12, 18, 24, 30} c S is a 
subgroup of finite order. 

So in a way we call the special interval group under + as the 
extended modulo integer group under +. 

Example 2.33: Let 



S = 



a, g [0, 15), 1 < i < 9, +} 



be the special interval matrix group. 



T = 



a ; g Zi 5 c {0, 1, 2, ..., 14}, 1 < i < 9, +} 



be the subgroup of S. 

Infact S has infinite number of subgroups of finite order. 
Example 2.34: Let 

f io I 



s = iZ a . x ‘ 



ai g [0, 4), 0 < i < 10, +} 



be a group of infinite order. S has infinite number of subgroups 
of finite order. 



Pi = 




a.x 



a ; g {0, 2} ,0<i< 10,+} cS 
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is a subgroup of finite order. 

For all p(x) e P! we have p(x) + p(x) = 0. 

f io 

P 2 = ^a.x 1 a; e {0, 1, 2, 3}, 0 < i < 10, +} c S 
U=o 

is a subgroup of finite order. 

Let 

Tj = {a + bx I a, b e {0. 0.5, 1, 1.5, 2, 2.5, 3, 3.5}; t)cS 
be the finite subgroup of S. 

S has infinitely many subgroups of finite order. 

T 2 = {a + bx + ex 2 1 a, b, c e {0, 0.2, 0.4, ..., 3, 3.2, 3.4, 3.6, 

3.8} c [0,4),+} cS. 

T 3 = {a + bx 2 l a, b e {0, 0.1, 0.2, ...,0.9, 1, 1.1, ..., 3.1, ..., 

3.9} cr [0, 4), +} c S is a subgroup of finite order. 

Let 

R = | X a . x ‘ ai G (°> °- 5 ’ L5 ’ 2 ’ 2 - 5 ’ 3 ’ 3 - 5 ) ^ [0, 4), 

[i=0 

0 < i < 3} cS 

be a subgroup of finite order. 

Infact S has infinitely many subgroups of finite order and 
this infinite groups has infinite number of finite subgroups. 

It is an interesting observation for R or Q or Z under 
addition has no finite subgroups. 



We suggest the following problems for the reader. 
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Problems 

1. Find some special and interesting properties associated 
with special interval groups 

G = { [0, a), +, a a positive integer}. 

2. If in a problem 1. a is a prime can G have infinite number 
of subgroups? 

3. Can G in problem 1 have subgroups of infinite order? 

4. Prove if a is a composite number in G given in problem 1 
then G has many subgroups of finite order. 

5. Let S = { [0, 1 1), + } be a special interval group. 

(i) Can S have subgroups of infinite order? 

(ii) Can S have infinite number of subgroups of finite 
order? 

(iii) Can S have infinite number of subgroups of infinite 
order? 

6. Let S = {[0, 18), +} be a special interval group. 

Study questions (i) to (iii) of problem 5 for this S. 

7. Let S = {[0, 24), +} be the special interval group. 

Study questions (i) to (iii) of problem 5 for this S. 

8. Let S = {[0, p 2 ), p a prime +} be the special interval 
group. 

Study questions (i) to (iii) of problem 5 for this S. 

9. Let Si = {[0, pq), p and q primes, +} be the special 
interval group. 



Study questions (i) to (iii) of problem 5 for this S. 




